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DIMENSIONS OF GENERIC LOCAL ORBITS OF
MULTIPARTITE QUANTUM SYSTEMS
DRAGOMIR Zˇ. D– OKOVIC´
Abstract. We consider the action of the group of local unitary
transformations, U(m) ⊗ U(n), on the set of (mixed) states W of
the bipartite (m× n) quantum system. We prove that the generic
U(m)⊗U(n)-orbits inW have dimensionm2+n2−2. This problem
was mentioned (and left open) by Kus´ and Z˙yczkowski in their
paper Geometry of entangled states [3]. The proof can be extended
to the case of arbitrary finite-dimensional multipartite quantum
systems.
1. Motivation
We consider the action of the group of local unitary transformations,
U(m)⊗U(n), on the set of (mixed) states W of the bipartite (m× n)
quantum system. The Hilbert space of this system has the tensor
product structure H = HA ⊗HB, with HA of dimension m and HB of
dimension n. We assume that n ≥ m ≥ 2.
For the sake of convenience let us denote by Herm(H) the real vector
space of all hermitian operators on H. The affine subspace of Herm(H)
consisting of operators of trace 1 will be denoted by Herm1(H). Note
that this affine space has (real) dimension m2n2 − 1.
The set W of (mixed) states of our quantum system is the set of
all Hermitian positive semi-definite linear operators on H having trace
1. It is a compact convex set with non-empty interior, relative to the
ambient real affine space Herm1(H). Let us recall that the action of the
full (global) unitary group U(mn) on the space Herm(H) is given by
(U,W ) → UWU †, where U ∈ U(mn) and W ∈ Herm(H). The action
of U(m)⊗ U(n) is given by
(U ⊗ V,W )→ (U ⊗ V ) ·W · (U † ⊗ V †),
where U ∈ U(m), V ∈ U(n) and W ∈ Herm(H).
The problem of computing the maximum dimension of U(m)⊗U(n)-
orbits in W was raised in a recent paper of Kus´ and Z˙yczkowski [3].
According to their expectation, this maximum dimension should be
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m2+n2− 2. They carried out computations and verified this claim for
some small dimensions.
The object of this note is to prove that the answer to the above
question of Kus´ and Z˙yczkowski is positive for all dimensions.
2. Result and proof
We shall prove the following theorem.
Theorem 2.1. The maximum dimension of local unitary orbits in W
is m2+n2−2. The minimal isotropy subgroup for this action is exactly
the center of U(m) ⊗ U(n). The corresponding orbit is diffeomorphic
to the product manifold SU(m)/Zm× SU(n)/Zn, where Zm resp. Zn is
the center of SU(m) resp. SU(n).
Proof. The first and third assertions are consequences of the second.
Thus we shall only prove the second one.
Since the center of U(m) ⊗ U(n) acts trivially on Herm(H), it suf-
fices to exhibit a positive semi-definite operator W ∈ Herm(H) whose
isotropy subgroup (i.e., the stabilizer) in U(m)⊗U(n) is precisely the
center of this group. In fact we shall drop the condition thatW be pos-
itive semi-definite because we can always add to W a positive scalar
multiple of the identity operator to make it positive definite without
affecting its isotropy subgroup.
Let e1, . . . , em be an orthonormal basis of HA and let P1, . . . , Pm be
the corresponding orthogonal projectors, Pi = eie
†
i . Let us introduce an
auxiliary vector v =
∑
kek. We now introduce our Hermitian operator
W by setting
(2.1) W =
m∑
i=1
Pi ⊗Xi + vv
† ⊗ I,
where I is the identity operator on HB and the Xi’s are traceless Her-
mitian operators on HB which are chosen so that their joint centralizer
in U(n) is just the center of U(n), and the Xi’s and I are all linearly
independent. (It is easy to choose such Xi’s, and there are infinitely
many such choices.)
Assume that U⊗V ∈ U(m)⊗U(n) belongs to the isotropy subgroup
of W , i.e.,
(U ⊗ V ) ·W · (U † ⊗ V †) = W.
This can be rewritten as
(2.2) W =
∑
i
UPiU
† ⊗ V XiV
† + Uvv†U † ⊗ I.
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Due to the linear independence of the Xi’s and I as well as the linear
independence of the Pi’s and vv
†, we can apply a result from Linear
Algebra (see [1, Chapitre II, §7, Proposition 17] and its first corollary)
to deduce from Eqs. (2.1) and (2.2) that the operators Pi and the
operator vv† span the same subspace as the operators UPiU
† and the
operator Uvv†U †.
Thus, for all i’s, we have
UPiU
† =
∑
j
αijPj + βivv
†,
and also
Uvv†U † =
∑
i
γiPi + δvv
†,
for some real numbers αij , βi, γi and δ. By plugging these expressions
into Eq. (2.2), we obtain
W =
∑
i
(∑
j
αijPj + βivv
†
)
⊗ V XiV
†
+
(∑
j
γjPj + δvv
†
)
⊗ I
=
∑
j
Pj ⊗
(
γjI + V
(∑
i
αijXi
)
V †
)
+vv† ⊗
(
δI + V
(∑
i
βiXi
)
V †
)
.
By comparing this expression with Eq. (2.1), we infer that
δI + V
(∑
i
βiXi
)
V † = I,
i.e., ∑
i
βiXi + (δ − 1)I = 0.
As the Xi’s and I are linearly independent, we conclude that all βi = 0
and δ = 1.
From the above comparison we also obtain the equations
γjI + V
(∑
i
αijXi
)
V † = Xj .
Since all Xi’s have trace 0, we deduce that all γj = 0.
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Thus, for all i’s we have
UPiU
† =
∑
j
αijPj.
For fixed i, the αij are the eigenvalues of UPiU
†, and so exactly one
of them is 1 and all other are 0. Hence, there is a permutation σ of
{1, 2, . . . , m} such that
UPiU
† = Pσ(i), 1 ≤ i ≤ m.
Consequently,
(2.3) U(ei) = ξieσ(i), |ξi| = 1, 1 ≤ i ≤ m.
We also have the equality
Uvv†U † = vv†
which implies that Uv = ξv for some complex number ξ with |ξ| = 1.
By using the definition of v, we obtain that∑
k
kξkeσ(k) = ξ
∑
k
kek.
This shows that σ must be the identity permutation and that all ξi = ξ.
Hence, U belongs to the center of U(m) and UPiU
† = Pi for all i’s.
Eqs. (2.1) and (2.2) now give∑
i
Pi ⊗ (V XiV
† −Xi) = 0.
Since the Pi’s are linearly independent, it follows that V XiV
† = Xi
for all i. By our choice of the Xi’s, we conclude that V belongs to the
center of U(n).
Hence, we have shown that U ⊗ V is in the center of U(m)⊗ U(n).
This concludes the proof of the theorem.

3. Comments
To illustrate the theorem, as the basic example one can take m =
n = 2. In that case m2 +n2− 2 = 6 which is discussed at length in [3],
including the orbits of lower dimension.
In the general case, the orbits having the maximum orbit type (i.e.,
having the minimum isotropy subgroups, up to conjugacy) are known
as orbits of principal type. It is well-known that the union of all orbits
of principal type is an open dense set (see e.g. [2, Chapter IV, Theorem
3.1]). It is also common to refer to the orbits of principal type as the
generic orbits.
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We point out that there may exist also non-principal orbits having
the maximal dimension (the same as the principal orbits). Such orbits
are known as exceptional (see [2, p. 181]). They are non-trivial covering
spaces of the principal orbit. For instance, in the case of two qubits
(m = n = 2) there exist at least two types of exceptional orbits. For
one of them the quotient group of the stabilizer modulo the center of
U(2)⊗U(2) is Z2 and for the other it is Z2 × Z2.
The proof of Theorem 2.1 given above can be extended to arbitrary
multipartite systems. Let us formulate precisely this generalization.
Theorem 3.1. Let us consider the multipartite quantum system with
k parties with the Hilbert space
H = H1 ⊗H2 ⊗ · · · ⊗ Hk.
Let di = dimHi, i = 1, 2, . . . , k and assume that 2 ≤ d1 ≤ d2 ≤ · · · ≤
dk. Then the maximum dimension of the local unitary orbits contained
in the set W of all mixed states of our quantum system is equal to
d21 + d
2
2 + · · ·+ d
2
k − k.
The minimal isotropy subgroup coincides with the center of the group
U(d1)⊗ U(d2)⊗ · · · ⊗ U(dk)
of local unitary transformations and the generic orbits in W are diffeo-
morphic to the product manifold
SU(d1)/Zd1 × SU(d2)/Zd2 × · · · × SU(dk)/Zdk ,
where Zdi, a cyclic group of order di, is the center of the special unitary
group SU(di).
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